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Emmy Noether’s theory of the primary decomposition of a submodule 
of a finitely generated module over a commutative noetherian ring was 
generalized for modules over a not necessarily commutative left noetherian 
ring R by Lesieur and Croisot [4], and recently by 0. Goldman [2]. In this 
note the relations between Goldman’s primary decomposition theory and the 
tertiary decomposition theory of Lesieur and Croisot are studied. It is shown 
that each finitely generated Goldman-primary R-module is tertiary (Corollary 
2.2). The converse does not hold by Remark 2.3. In fact, each finitely 
generated tertiary R-module is Goldman-primary if and only if noniso- 
morphic, indecomposable, injective R-modules have different associated 
prime ideals (Theorem 2.4). On the other side by Proposition 1.1 there 
always exists a natural one-to-one correspondence between the set r of all 
isomorphism classes of indecomposable, injective R-modules and the set p of 
all prime kernel functors of the category $01 of all R-modules. 
As an application of the above results a short proof of the following 
theorem is given which, because of Theorem 2.4, is equivalent to a theorem 
of Gabriel [2]: If each finitely generated tertiary R-module over the left 
noetherian ring R is Goldman-primary, then the Krull-dimension of R in 
the sense of Gabriel-Rentschler [A coincides with the usual Krull-dimension 
of R, if it is finite (Theorem 3.4). 
All rings R considered in this note have an identity element. Each R-module 
is a unitary left R-module. E(M) always denotes the injective envelope of 
the R-module M. 
Concerning the terminology we refer to Lesieur and Croisot [4] and 
Herstein [3]. 
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1. INDECOMPOSABLE, INJECTIVE MODULES AND PRIME KERE;EL FUNCTORS 
A well-known theorem due to Matlis [.5] states that there is a natural 
one-to-one correspondence from the spectrum Spec R of all prime ideals of 
a commutative noetherian ring R onto the set r of all isomorphism classes of 
injective, indecomposable R-modules. If R is a not necessarily commutative 
left noethcrian ring, then in general there is not any one-to-one correspond- 
ence between Spec R and r (cf. [I], p. 423). In this section we show that 
there always exists a natural bijection between r and the set p of all prime 
kernei functors in the sense of Goldman [2] from the category E%? of all left 
R-modules into itself. 
For the convenience of the reader we repeat the relevant definitions of 
Goldman’s paper [2]. 
The functor 7 from R’%N into itself is called a kernel functor, if it has the 
following three properties: 
(1) T(M) is a submodule of M for every ME ,$JL 
(2) If f : M’ -+ M is a homomorphism, then f {7(M)) < 7(M), and I 
is the restriction off to T(M’). 
(3) If M’ is a submodule of M, then T(M) = M’ n T(M). 
The totality of all kernel functors of ,‘$JZ forms a set. To each R-module Q 
there belongs a kernel functor. The associated kerneZ functor =o is defined by 
TO(M) = 10 ker OL; OL E hom,(M, E(Q))! for all ME R91L 
If S is a kernel functor of #J& then the R-module M is S-torsion-free, if 
6(M) .= 0, and M is a a-torsion module, if 6(M) 2 &I. The S-torsion-free 
R-module iV1 # 0 is a supporting module for 6, if M/M’ is a a-torsion module 
for each nonzero submodule M’ of M. The kernel functor 6 of #tl is prime, 
if 8 = 7s for some &-supporting module S. 
In [2] Goldman has shown that there is a natural bijection between the 
prime ideals of a commutative ring R and the prime kernel functors 6 of R9JL 
This is a special case of the following result. 
PROPOSITIOY 1.1. Let #JI be the category of all left R-modules over the 
left noetherian ring R. Let p be the set of all prime kernel functors of Rs355, and 
let r be the set of all isomorphism classes L?(E) of indecomposable, injective 
R-modules E. 
If S, is a supporting module of T E p, then the map y: 
= - awT)), for all r Ep, 
is a one-to-one correspondence from p onto t. 
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Proof. Let E be an indecomposable, injective R-module. By Theorem 2.4 
of [5] there is an irreducible left ideal X of R such that E g E(R/X), where 
E(R/X) denotes the injective envelope of the R-module R/X. Since R/X is 
noetherian and uniform, Theorem 6.8 of [2] asserts that R/X is primary in 
the sense of Goldman ([2], p. 39). Therefore, if 7 denotes the associated 
kernel functor to R/X, then 7 is a prime kernel functor of Rm such that 
T(E) = 0. Let S be a supporting mod& for 7. Then each nonzero homo- 
morphism (Y E hom,(S, E) is a monomorphism by Lemma 6.2 of [2]. Hence 
E(S) c E, because 
s f 0 and -r(S) = 10 ker or; 01 E hom,(S, .E)\. 
Thus E E g(E(S)), and y is a surjection from p onto t. Theorem 6.4 of [2] 
asserts that y is also injective. 
The following characterization of prime kernel functors follows at once 
from Proposition 1.1. 
(IOROLLARY 1.2. The functor T of #Jl into itself is a prime kernel functor 
if and only if T --= rE , where E is an indecomposable, injective R-module which is 
(up to isomorphisms) uniquely determined by T. 
Remark. Using Proposition 1 .l it is easy to see that the uniqueness 
theorem of Goldman’s primary decomposition ([2], Theorem 6.14) is a 
corollary of Matlis’ uniqueness theorem ([5], Proposition 2.7) on the direct 
decomposition of an injective R-module into indecomposable ones, which 
in turn follows easily from the Krull-Remark-Schmidt-Azumaya Theorem. 
2. TERTIARY MODULES ASD GOLDMAWPRIMARY MODULES 
It is clear that a Goldman-primary decomposition of a submodule N of a 
finitely generated R-module M is finer than the tertiary decomposition of IV 
in the sense of Lesieur and Croisot [4], if we can show that each finitely 
generated Goldman-primary R-module Q of the left noetherian ring R is 
tertiary, which means that 0 is a tertiary submodule of Q. 
DEFINITION ([2], p. 39): The R-module Q is Goldman-primary, if ho is a 
prime kernel functor of &N, and Q is stable, i.e., 7o = 7,,, for each nonzero 
submodule N of Q. 
Using Proposition 1.1 we can prove the following characterization of 
finitely generated, Goldman-primary R-modules. 
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THEOREM 2.1. Let Q be a finitely generated left R-module over the left 
noetherian ring R. Then Q is Goldman-primary if and only if the injective 
envelope E(Q) of Q is isotypic. 
Proof. Since Q is noetherian, 0 is an irredundant intersection of finitely 
many irreducible submodules Qi of Q, i = 1,2,..., II. The associated kernel 
functor 7i - 70,0i of Q/Qi is prime by Theorem 6.8 of [2], because Q/Qi is a 
noetherian uniform R-module. Let E(Q/QJ be the injective envelope of 
Q/Qi. Then 
E(Q) s i @ E(Q:‘Qi). 
i=l 
Thus by Proposition 2.7 of [5] E(Q) is isotypic if and only if 
E(QlQi) = E(Q/Qi) for all i, j = 1, 2 ,..., n. (2) 
If Q is Goldman-primary, then the associated kernel functor ho of Q is 
prime. Since by Theorem 6.14 of [2] th e set of prime kernel functors belonging 
to Q is uniquely determined by Q, we obtain ho = ri for i = I, 2,..., n. 
Therefore (2) holds by Proposition 1.1, because Q/Q( is a supporting module 
for 7i by Proposition 6.1 of [2]. 
Conversely, if E(Q) is isotypic, then (2) implies that 7i = 7j for all i and j. 
Hence ho = 7i for i = 1, 2,..., n by Theorem 6.12 of [2]. Thus ho is a prime 
kernel functor of #II. Since Q is isomorphic to a submodule of CyM1 @ Q/Qi , 
Proposition 6.7 of [2] asserts that Q is To-stable. Therefore Q is primary. 
COROLLARY 2.2. Each f;nite& gerwated Goldman-primary R-module over 
the left noetherian ring R is tertiary. 
Proof. Since by Theorem 2.1 E(Q) is isotypic, Proposition 10.12 of Lesieur 
and Croisot [4] asserts that Q is tertiary. 
Remark 2.3. The converse of Corollary 2.2 is false, because each simple 
left noetherian domain R which is not a division ring will be a counter- 
example by Corollary 3.3 proved in the next section. This also shows that 
even the primary R-modules in the usual sense (cf. Herstein [3], p. 106) are 
not Goldman-primary. Conversely, using Theorem 2.1 it is easy to see that 
the left ideal 
L= x,y~K, Kafield 
of the ring R of all two-by-two triangular matrices is an example of a finitely 
generated Goldman-primary R-module which is not primary in the usual 
sense. 
The set Ass M of associated prime ideals of the R-module M consists-as is 
well-known--of the’set of maximal annihilator ideals of nonzero submodules 
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of M. If E is an indecomposable, injective R-module, then Ass E consists of 
a uniquely determined prime ideal of R, and the map 
/3:E+AssE, 
induces a surjective map from the set r of isomorphism classes of inde- 
composable, injective R-modules onto the prime spectrum Spec R of R. 
The following result characterizes those left noetherian rings for which /3 
always induces a bijective map. 
THEOREM 2.4. The following properties of the left noetherian ring R are 
equivalent: 
(1) Each finitely generated tertiary R-module is Goldman-primary. 
(2) The map /3 : E -+ Ass E, induces a one-to-one correspondence from the 
set r of all isomorphism classes of indecomposable, injective R-modules onto the 
prime spectrum Spec R of R. 
Proof. If (1) holds, then it remains to show that /I induces an injective 
map. If this were false, then there would exist two nonisomorphic, indecom- 
posable, injective R-modules FI and F, having the same associated prime 
ideal P. By Theorem 2.4 of [5J there are irreducible left ideals Si(i = 1,2,...) 
of R such that Fi z E(R/S,). S ince S, and S, are tertiary submodules of R 
with the same tertiary radical P, Proposition 7.10 of [4] asserts that S, n S, 
is a P-tertiary submodule of R. Because of (1) the finitely generated R-module 
RiS, n Sa is Goldman-primary. Hence 
E(R/S, n S,) z E(R/S,) @ E(R/S,) LX FI @F, 
is isotypic by Theorem 2.1, a contradiction! 
Conversely, let (2) be true. The zero submodule 0 of the finitely generated 
tertiary R-module Q is an irredundant intersection of finitely many irreducible 
submodules Qi of Q, i = 1,2,..., n. Since Q/Qi is a uniform, noetherian 
R-module the associated kernel functor ri to Q/Qi is prime by Theorem 6.8 of 
[2], If P denotes the tertiary radical of Q, then 
P = AS E(Q/Qi) for i = 1, 2,..., 71 
by Theorem 8.3 of Lesieur-Croisot [4]. Because of (2) we obtain 
E(Q/QJ E E(Q/QJ for all i and j. Hence E(Q) is isotypic, and Q is Goldman- 
primary by Theorem 2.1. 
Remark. Theorem 2.4 is a generalization of Theorem 6.11 of Goldman 
[2], because condition (2) holds for any commutative noetherian ring by 
Proposition 3.1 of [SJ. On the other side there are plenty of noncommutative 
rings satisfying condition (2) of Theorem 2.4 (cf. Gabriel [l], p. 422-423). 
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COROLLARY 2.5. If $3 denotes the class of all left noetherian rings R such 
that each finitely generated tertiary R-module is Goldman-primary, then 8 is 
closed under homomorphic images. 
Proof. Let S be an epimorpbic image of the left noetherian ring R 
belonging to 5. If X and Y are nonisomorphic indecomposable, injective 
S-modules, then X and Y arc uniform R-modules. Therefore RR(X) and 
E,(Y) are nonisomorphic indecomposable, injective R-modules by Propo- 
sition 2.2 of [SJ. Hence S satisfies condition (2) from Theorem 2.4, which 
implies that S E 5. 
3. APPLICATIONS 
In this section the left artinian rings are characterized by means of 
properties of prime kernel functors of ,$N. Furthermore, using Theorem 2.4, 
we give a short proof of Gabriel’s theorem (cf. [2], p. 426 and [7]) asserting 
the equality of the classical Krull dimension dim R and the Krull-dimension 
K-dim R in the sense of Rentschler and Gabriel [7] for left noetherian rings 
R satisfying condition (2) of Theorem 2.4. 
LEMMA 3.1. If each jkitely generated tertiary R-module over the left 
noetherian ring R is Goldman-primury, then RIP is artinian for each maximal 
ideal P of R. 
Proof. Let U be a left ideal of R such that i? = U/P f 0 is a uniform 
left ideal of the simple left noetherian ring i? = R/P. If M is a maximal left 
ideal of R containing P, then E(R/M) and E(U/P) are indecomposable, 
injective R-modules with the same associated prime ideal P. Thus 
E(U/P) c E(R/M) by Theorem 2.4. Therefore U/P contains a simple left 
R-module, because E( U/P) is an essential extension of C/P. Hence i.? is a 
nonzero minimal left ideal of the simple left noetherian ring R. Thus R is 
artinian. 
Goldman ([2], p. 37) calls the prime kcmel functor T of &XX maximal, 
if 7 has a supporting module S which is simple. 
THEORE~I 3.2. The following properties of the left noetherian ring R are 
equivalent: 
(1) Each prime kernel functor of JLN is maximal. 
(2) Each fkitely generated tertiary R-module is Goldman-primary, and 
each prime ideal of R is maximal. 
(3) R is left artinian. 
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Proof. If R is left artinian, then condition (2) of Theorem 2.4 holds by 
Gabriel ([I], p, 423). H ence (2) follows from (3). 
Since a left noetherian ring R is left artinian, if R/P is artinian for each 
prime ideal P of R, condition (3) follows from (2) by Lemma 3.1. 
Assume that (2) holds. Let 7 be a prime kernel functor of #JI with 
supporting module S. Hence P = Ass E(S) is a maximal ideal of R. By 
Lemma 3.1 the ring R = R/P is artinian. Let c’ == U/P + 0 be a minimal 
left ideal of 8. Then U/P is a simple R-module with P = -4s~ (U/P). 
Therefore E(U/P) G E(S) by Theorem 2.4. Thus S is simple, and 7 is 
maximal. 
It remains to show that (3) follows from (1). Let P be a prime ideal of R, 
and let i? = U/P be a uniform left ideal of the left noetherian prime ring 
R = R/P. Let r be the associated kernel functor to the injective envelope 
E(U/P) of the uniform, noetherian R-module U/P. Then 7 is prime by 
Theorem 2.1. Hence 7 has a simple supporting module S, and E(S) g E( U/P) 
by Corollary 1.2, because T(U/P) -= 0. Therefore i? is a minimal left ideal 
of 8. Hence R is a simple artinian ring, because R is left noetherian and prime. 
Thus R has minimum condition on left ideals. 
COROLLARY 3.3. Let R be a left noetherian simple ring. l’hez each finitely 
generated tertiary R-module is Goldman-primary if and only if R is artinian. 
This follows immediately from the above results. 
As is well-known the ring R has classical Ku&dimension dim R = n, 
if there is a properly descending chain of prime ideals of R having n + 1 
terms, and if each properly descending chain of prime ideals of R has atmost 
n + 1 terms. 
Let !lR be a set of left ideals of the ring R such that the left ideals A > B 
are contained in +Jn. Let 
W is artinian, if each properly descending chain of elements of (9JI has only 
finitely many terms. 
DEFINITION [7]. !J.JI has Krull-dimension 
K - dim ‘9X = 0, if !BI is artinian, 
K-dim9X=n, if K - dimm # 0, l,..., n - 1, and if each properly 
descending chain A, > A, > a.0 of left ideals 
Ai E m with K - dim[A, , A,+J > n - 1 for 
i = 1, 2,... has only finitely many terms. 
K - dim ‘9JI = oc, if K - dim ‘9X f n for each natural number n. 
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DEFINITION. If W denotes the lattice of all left ideals of the ring R, then 
the Krull-dimension K - dim R of R is defined by K - dim R = K - dim m. 
THEOREM 3.4. If each finitely generated tertiary R-module of the left 
noetherian ring R is Goldman-primary, and if K-dim R < co, then 
K-dimR =dimR. 
Proof. It is proved in ([7], p. 713) that K - dim R > dim R. The 
converse inclusion is shown by induction on dim R. By Theorem 3.2 it holds, 
if dim R = 0. Suppose that the Krull-dimensions coincide for left noetherian 
rings with dim R < n. If dim R = n, then by the proof of Hilfssatz 2.1 of 
[6] it suffices to show that 
(*) K - dim[R, V] < n - 1 for each essential left ideal V of R. 
Assume that (+) is false. Let G be maximal among the essential left ideals 
of R for which (*) does not hold. If G were reducible, then R/G would be 
isomorphically contained in R/G, @ R/G, , where Gi , i _- 1,2, is an 
essential left ideal of R with Gi > G. Hence 
K - dim[R, G] < sup{K - dim[R, GJ, i = 1,2,} < n - I 
by ([7], p. 713). Th is contradiction proves that G is irreducible. Thus 
T = E(R/G) is an indecomposable, injective R-module. Let P = Ass T, 
R = RIP, and U =: {x E RIG 1 Px = O}. Then U = WIG, where W is an 
essential left ideal of R with W > G. Hence K - dim[R, w] < n - 1, 
which implies that 
K - dim[R, G] < sup{K - dim[W, G], n - 1) 
by ([7], p. 713). Since I? is a finitely generated module over the prime ring 
R, we obtain 
K-dim[W,G] = K-dimRUG K-dimR 
by application of ([A, p. 713). 
If P were not a minimal prime ideal of R, then dim R < n. Therefore 
K - dim R = dim R < n by induction, because each finitely generated 
tertiary R-module is Goldman-primary by Corollary 2.5. Hence 
K - dim[R, G] < n - 1, a contradiction. Thus P is a minimal prime. By 
Corollary 2.5 we may therefore assume that P = 0. Since G is an essential 
left ideal of the prime left noetherian ring R, the injective envelope E(G) is 
isotypic by Goldie’s Theorem on prime rings. Therefore Theorem 2.2 asserts 
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that G is Goldman-primary. Since R is a prime ring, the associated prime 
kernel functor ro to G is rr by Theorem 2.4. Because of dim R # 0 there is 
an indecomposable, injective R-module F # 0 with F Q T by Theorem 2.4 
and Corollary 1.2. Let rF be the associated prime kernel functor to F. Then 
q(G) = G and r,(R/G) = R/G by Corollary 1.2. Therefore Proposition 1.7 
of [2] asserts that 
R = TF(R) = I(‘) ker (Y 1 Q: E horn& f?/. 
Thus 0 = homs(R, F) s F. This contradiction completes the proof of 
Theorem 3.4. 
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